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Introduction
Functionally graded materials (FGM) are increasingly used in the many fields of industrial engineering including automotive, nuclear power plant, aerospace. Basically, FGMs could be consider as a class of composite material which contains two or more constituents varying continuously from a surface to the other. This smooth variation of phases enables the material to avoid stress concentration and delamination phenomenon which are often cited as the shortcomings of laminated fiber composite materials. High attention is being paid in the researcher community to investigate the behaviours of index, estimation methods of material properties and slenderness ratio on deflections, stresses, natural frequencies and critical buckling loads of FG microbeams are examined.
The outline of this study is given as follow. The brief estimation method of material properties and constitutive equations of FGM are presented in Section 2. Section 3 shows the derivation of governing equations with respect to various beam theories. Procedure of analytical solutions which is based on Navier approach is given in Section 4. Section 5 provides a number of numerical examples in order to prove the validity and accuracy of the proposed theories for bending, vibration and buckling problems of FG microbeams. Finally, Section 6 closes the study with some concluding remarks.
Functionally graded materials
Consider a FG microbeam with rectangular cross-section b × h and length a, which is made of metal and ceramic. The material properties such as Young's modulus E, density ρ and Poisson's ratio ν are assumed to vary continuously through the beam's depth.
Classical rule of mixture
The effective material properties of FG microbeam are calculated by using the rule of mixture:
where P m and P c are the material properties of metal and ceramic, and V m and V c represent the volume fraction of metal and ceramic, which are assumed to be:
where k is the power-law index.
Mori-Tanaka scheme
The effective bulk modulus K e and shear modulus G e are calculated by using Mori-Tanaka scheme [36] :
Kc−Km Km+ 4 3 Gm (3a)
The effective Young's modulus E e and Poisson's ratio ν e are then defined as:
ν e = 3K e − 2G e 2 (3K e + G e ) (4b)
Constitutive Equations
The linear stress-strain relations are expressed by: 
For CBT, FBT and TBT, due to neglect the thickness stretching effect ( z = 0), Eq. (6) is rewritten as:C * 11 = E(z) (7a) C * 13 = 0 (7b)
Governing Equations of Motion
Based on the modified couple stress [13] , the virtual strain energy can be written as:
where m ij and χ ij denote deviatoric part of the couple stress tensor, and symmetric curvature tensor, which are defined by:
where l is a material length scale parameter and θ i is the components of the rotation vector given by:
θ y = θ 2 = 1 2
The displacement fields for different beam theories can be obtained as:
u 2 (x, z, t) = 0 (11b) u 3 (x, z, t) = w b (x, t) + w s (x, t) + g(z)w z (x, t)
where u, w b and w s are the axial displacement, the bending and shear components of vertical displacement along the mid-plane of the beam. The thickness stretching effect in quasi-3D theories is taken into account by adding the component g(z)w z (x, t) in Eq. (11c). f (z) and g(z) are used to determine the strains and stress distribution through the beam's depth:
CBT : f (z) = z (12a)
FBT : f (z) = 0 (12b)
TBT [37] : f (z) = 4z 3 3h 2 (12c)
SBT [38] :
Quasi-3D (TBT) [37] : f (z) = 4z 3 3h 2 ; g(z) = 1 −
Quasi-3D (SBT) [38] :
The non-zero strains and symmetric curvature tensors are given by: 
where prime ( ) indicates the differentiation with respect to the x-axis.
Quasi-3D shear theories
Hamilton's principle is used to derive the equations of motion:
where U, K and V denote the strain energy, kinetic energy and potential energy, respectively.
The variation of the strain energy can be stated as:
where N x , M b x , M s x , Q xz , R z , R xy , S xy and T yz are the stress resultants, respectively, defined as:
where
The variation of the potential energy by the axial force P 0 and a vertical load q is expressed by:
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The variation of the kinetic energy is expressed by:
By substituting Eqs. (15), (18) and (19) into Eq. (14), the following weak statement is obtained:
By integrating Eq. (14) by parts and collecting the coefficients of δu, δw b , δw s and δw z , the equations of motion can be obtained:
Eq. (22) is rewritten in term of displacements by using Eq. (16):
HOBT and SSBT
By neglecting the shape function g(z) in Eq. (11), the following weak statement is obtained:
where N x , M b x , M s x , Q xz , R xy , S xy and T yz are defined as:
Similarly, the equations of motion can be expressed:
Eq. (26) is rewritten in term of displacements:
FBT
By considering the shape functions f = 0, g = 1, the following weak statement is obtained:
where N x , M b x , Q xz and R xy are defined as:
Eq. (30) is rewritten in term of displacements:
CBT
By neglecting shear component (w s = 0), the following weak statement is obtained:
By integrating Eq. (32) by parts and collecting the coefficients of δu and δw b , the governing equations of motion can be obtained:
where N x , M b x and R xy are defined as:
Eq. (33) can be expressed in term of displacements:
4. Analytical solutions
Quasi-3D shear theories, TBT and SBT
The size-dependent behaviours are then solved using the analytical Navier approach in which simply-supported boundary conditions are considered:
where α = nπ/L and U n , W bn , W sn and W zn are the coefficients. The transverse load q is also expanded in Fourier series for an uniform load (q o ) as: 
It should be noted that TBT and SBT's solution can be obtained by neglecting the last row and column in Eq. (38).
FBT and CBT
Similarly, deflections, natural frequencies and buckling loads are calculated from the following equation:
Again, CBT's solution can be obtained by neglecting the last row and column in Eq. (40).
Numerical Examples
In Mori-Tanaka scheme and classical rule of mixture. The material length scale parameter is assumed to be l = 15µm ( [18, 19] ). The shear correction factor is taken as 5/6 for FBT. The dimensionless terms are defined in this paper as:
Verification
Since there is no published data using quasi-3D theories for FG microbeams, the verification is 
for all theories , whereas, the second one ignores it by using those from 1D model (Eq. (6) for quasi-3D theories and Eq. (7) to thickess stretching effect, it is less pronounced for quasi-3D theories than others. For example, with p = 10, the relative difference between the deflections of two constitute relations using TBT is 5.28%, 24.45%, 25.90%, whereas, it is 1.75%, 8.66%, 9.21% using quasi-3D (TBT) for h/l = 1, 8 and l = 0, respectively (Table 2) . It is worth noting that, the exclusion of Poisson's effect provides better agreement with those from experiments [40] . Therefore, in the following examples, the numerical results are computed without this effect.
Parameter study
In this section, effects of material length scale parameter, power-law index and slenderness ratio on bending, vibration and buckling responses of FG microbeams are investigated. Tables 5-8 (Fig. 1) . Although TBT and quasi-3D (TBT) give the same axial stress, there is slightly difference in shear stress (Fig. 3 ). It is due to the fact that quasi-3D theory includes the thickness stretching effect. This effect, which cannot observed in FBT and TBT, is highlighted in Fig. 4 . Significant difference in these two estimation material models can be seen in stress distribution.
The fundamental frequencies and critical buckling loads of SiC/Al and Al 2 O 3 /SUS304 microbeams are presented in Tables 9-14 . Since classical model cannot capture size effect, its results are differ significantly with those from the proposed model. It is interesting to see that for classical model, due to ignoring the thickness stretching effect, the results from FBT, TBT and SBT are slightly underestimate when comparing with those from quasi-3D theories. However, when size effect is incorporated, this tendency is different and depends on size effect. For example, when this effect is strong (h/l = 1), fundamental frequencies from quasi-3D theories are slightly lower than those from TBT and SBT (Tables 9 and 10 ). The effect of length scale parameter on the frequencies and buckling loads of micro FG beams is sketched on Figs. 5 and 6. It can be seen again that when beam's depth is very small at micron scale, this effect is significant, but become negligible as beam's depth increases.
Conclusions
The mechanical behaviours of the functionally graded beams based on the modified couple stress theory is fully presented in this study. While the displacement fields of beams are governed by the unified framework which covers various beam theories, the modified couple stress theory efficiently captures the size-dependent effects of the small-scale beams. The numerical examples of the bending, vibration and buckling behaviours of microbeams sufficiently prove the validity and accuracy of the proposed approach. These solutions also reveal that the increase of material length scale ratio leads to the growth in beams' stiffness. Consequently, there is a decrease in displacements, stresses as well as an increase in natural frequency and critical buckling load of microbeams. M o r i -T a n a k a , h / l = 1 M o r i -T a n a k a , h / l = 4 M o r i -T a n a k a , h / l = 8 P o w e r -l a w , h / l = 1 P o w e r -l a w , h / l = 4 P o w e r -l a w , h / l = 8
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